In this paper, binary extremal self-dual codes of length 48 and extremal unimodular lattices in dimension 48 are studied through their shadows and neighbors. We relate an extremal singly even self-dual [48, 24, 10] code whose shadow has minimum weight 4 to an extremal doubly even selfdual [48, 24, 12] code. It is also shown that an extremal odd unimodular lattice in dimension 48 whose shadow has minimum norm 2 relates to an extremal even unimodular lattice. Extremal singly even self-dual [48, 24, 10] codes with shadows of minimum weight 8 and extremal odd unimodular lattice in dimension 48 with shadows of minimum norm 4 are investigated.
unimodular lattices are known and there are similar situations. In this paper, binary selfdual codes of length 48 and unimodular lattices in dimension 48 are studied through their shadows and neighbors. These are powerful tools in the study of self-dual codes and unimodular lattices.
Shadows for binary self-dual codes were introduced by Conway and Sloane [5] , in order to derive new upper bounds for the minimum weight of singly even self-dual codes, and to provide restrictions on the weight enumerators of extremal singly even self-dual codes. There are two possible weight enumerators for extremal singly even self-dual [48, 24, 10] codes (W 48,1 and W 48,2 given in Section 2) and these weight enumerators are characterized by the minimum weights in shadows, namely W 48,1 and W 48,2 correspond to shadows of minimum weights 4 and 8, respectively. Shadows for odd unimodular lattices appeared in [6] and also in [7, p. 440 ] in order to derive new upper bounds for the minimum norm of odd unimodular lattices, and to provide restrictions on the theta series of extremal odd unimodular lattices. Similar to self-dual codes, there are two possible theta series of extremal odd unimodular lattices in dimensions 48 (θ L 48,1 and θ L 48,2 given in Section 2) and the two theta series are characterized by the minimum norms in shadows, namely θ L 48,1 and θ L 48,2 correspond to shadows of minimum norms 2 and 4, respectively.
It was shown in [3] that an extremal doubly even self-dual [48, 24, 12] code has an extremal singly even self-dual [48, 24, 10] code whose shadow has minimum weight 4 as a neighbor. In Section 3, we give the converse assertion of this, that is, we show that one of the two doubly even self-dual neighbors of an extremal singly even self-dual [48, 24, 10] code whose shadow has minimum weight 4 is an extremal doubly even self-dual [48, 24, 12] code. From the uniqueness of an extremal doubly even self-dual [48, 24, 12] code established by Houghten, Lam, Thiel and Parker [11] , it follows that there are exactly ten inequivalent extremal singly even self-dual [48, 24, 10] codes whose shadow has minimum weight 4. For the other case where shadows have minimum weight 8, we demonstrate that there are exactly 64 inequivalent extremal singly even self-dual [48, 24, 10] neighbors of the extended quadratic residue code Q R 48 of length 48. However, these are not all the extremal singly even self-dual [48, 24, 10] codes whose shadow has minimum weight 8. In fact, we construct an example of an extremal singly even self-dual [48, 24, 10] code, neither of whose doubly even self-dual neighbors is an extremal doubly even self-dual [48, 24, 12] code.
In Section 4, we show that a similar situation holds for unimodular lattices. It is shown that an extremal even unimodular lattice has an extremal odd unimodular neighbor whose shadow has minimum norm 2, and conversely, every extremal odd unimodular lattice in dimension 48 whose shadow has minimum norm 2 has an extremal even unimodular neighbor. Unlike the case of codes, the classification of extremal odd unimodular lattices whose shadows have minimum norm 2 is not feasible at present, since extremal even unimodular lattices in dimension 48 have not been classified yet. Also, even for the known three extremal even unimodular lattices P 48 p , P 48q and P 48n (see [7, p. xli] ), the classification of extremal odd unimodular neighbors appears to be a considerably difficult problem. For the other case where shadows have minimum norm 4, we construct an extremal odd unimodular lattice as a neighbor of P 48q . We also show that the odd unimodular neighbors of extremal even unimodular lattices do not exhaust all extremal odd unimodular lattices, by constructing an extremal odd unimodular lattice whose shadow has minimum norm 4, neither of whose even unimodular neighbors is extremal.
Definitions and basic results
Let C be a binary self-dual code, that is, C = C ⊥ where C ⊥ is the dual code of C. A self-dual code C is called doubly even if all codewords have weight ≡ 0 (mod 4) and singly even if some codeword has weight ≡ 2 (mod 4). The minimum weight d of a selfdual code C of length n is bounded by d ≤ 4[n/24] + 4 unless n ≡ 22 (mod 24) when d ≤ 4[n/24] + 6 [13] and [18] . In addition, a self-dual [24k, 12k, 4k + 4] code is doubly even [18] . Hence the minimum weight d of a singly even self-dual code of length n is bounded by d ≤ 4[n/24] + 2 if n ≡ 0 (mod 24). We say that a self-dual code meeting the upper bound is extremal.
Let C be a singly even self-dual code and let C 0 denote the subcode of codewords having weight ≡ 0 (mod 4). Then C 0 is a subcode of codimension 1. The shadow S of C is defined to be
Recall that two self-dual codes C and C of length n are said to be neighbors if dim C ∩ C = n/2 − 1. If C is a singly even self-dual code of length divisible by eight then C has two doubly even self-dual neighbors, namely, C 0 ∪ C 1 and C 0 ∪ C 3 .
The largest minimum weight of singly even self-dual codes of length 48 is 10 and there are two possible weight enumerators W 48,i (resp. S 48,i ) of these codes (resp. their shadows) as follows [5] : [19] showed that the minimum norm min(L) of an n-dimensional unimodular lattice L is bounded by min(L) ≤ 2[n/24] + 2 unless n = 23 when min(L) ≤ 3. Recently Gaulter [8] showed that any 24k-dimensional unimodular lattice meeting the upper bound has to be even, which was conjectured by Rains and Sloane. Hence the minimum norm of an n-dimensional odd unimodular lattice L is bounded by min(L) ≤ 2[n/24] + 1 if n ≡ 0 (mod 24). We say that a unimodular lattice meeting the upper bound is extremal.
Let L be an odd unimodular lattice and let L 0 denote its sublattice of vectors of even norms. Then L 0 is a sublattice of L of index 2 [6] . The shadow S of L is defined to be 
The largest minimum norm of odd unimodular lattices in dimension 48 is 5. By [6, Section 1], one can determine the possible theta series θ L 48,i (resp. θ S 48,i ) of extremal odd unimodular lattices (resp. their shadows) in dimension 48 as follows:
In Sections 3 and 4, we use the following lemma (see e.g. [15] and [17] for the proof). 
is a cusp form of weight 26, and in particular
for some constant c.
Let Z m (= {0, 1, 2, . . . , m − 1}) denote the ring of integers modulo m. In Section 4, it is necessary to deal with Type II codes over Z 4 and Z 6 . A code C of length n over Z 2k (or a Z 2k -code of length n) is a Z 2k -submodule of Z n 2k . Two codes are equivalent if one can be obtained from the other by permuting the coordinates and (if necessary) changing the signs of certain coordinates. The dual code C ⊥ of C is defined as
of C is the smallest Euclidean weight among all nonzero codewords of C. A self-dual code is called Type II if it has the property that every Euclidean weight is divisible by 4k, and is called Type I otherwise [2] . A Type II Z 4 -code of length n and minimum Euclidean weight 8[n/24] + 8 is extremal [1] .
Let C be a Z k -code and let e 1 , . . . , e n be an orthogonal basis of an n-dimensional Euclidean space satisfying (e i , e j ) = kδ i j . Then we define the lattice A k (C) obtained from C by Construction A as
In general, the set of vectors Proof. Let Λ ⊂ R 48 be the even unimodular lattice constructed from C by Construction A. Then Λ contains a 2-frame
1 , where we may assume without loss of generality
Let C 8 be the set of codewords of weight 8 in C. Then
where Supp(v) denotes the support of v. In particular, we have
In Lemma 2.1, we take α = e j ( j = 5, . . . , 48). Then the constant c is given by
Note that, for j = 5, . . . , 48, we have
where
If we simplify this equality by using (1), we find 6a
and we obtain a 8 ≥ 44. It was shown in [3] Proof. We may assume that C 1 contains the unique vector of weight 4 in the shadow. In view of the shadow weight enumerator S 48,1 , there are at most 44 vectors of weight 8 in C 1 . Then by Lemma 3.1, a doubly even self-dual neighbor C 0 ∪ C 1 must contain all 44 vectors of weight 8 in the shadow. It follows that the other doubly even self-dual neighbor C 0 ∪ C 3 has minimum weight 12. 
Singly even self-dual neighbors of Q R 48
Using the method in [16] , we have found all extremal singly even self-dual [48, 24, 10] neighbors of Q R 48 . We have verified by MAGMA that all these codes are pairwise inequivalent. Hence we have the following: Since every singly even self-dual neighbor of the code C = Q R 48 can be generated by C ∩ v ⊥ and v for some v ∈ C, it is sufficient to give the vectors v in order to present the 74 codes given in Proposition 3.5 instead of listing generator matrices. In our search, the code Q R 48 is defined as the extended cyclic code with generator polynomial
where a polynomial a 0 + a 1 x + · · · + a 46 x 46 is regarded as a codeword (a 0 , a 1 , . . . , a 46 ), noting that the extended coordinate is chosen to be the 48th coordinate (see [12, pp. 190-191] for the form of a generator matrix of the cyclic code with a given generator polynomial).
In Table 1 , we list the vectors v written in octal using 0 = (000), 1 = (001), . . . , 6 = (110) and 7 = (111). The ten codes C 48,i (i = 1, . . . , 10) have weight enumerator W 48,1 and the other codes have weight enumerator W 48,2 . The orders of the automorphism groups are calculated by MAGMA and the results are listed in Table 2 .
Let w be a vector ∈ F 48 2 of weight 4. Then
is a singly even self-dual [48, 24, 10] neighbor of Q R 48 whose shadow has minimum weight 4 [3] . Hence each of the codes C 48,i (i = 1, . . . , 10) is also defined by a vector w of weight 4 in the shadow. The ten codes have the following supports of w:
{1, 2, 3, 4}, {1, 2, 3, 5}, {1, 2, 4, 5}, {1, 2, 3, 6}, {1, 2, 4, 6}, {1, 2, 3, 7}, {1, 2, 4, 7}, {1, 3, 4, 7}, {1, 3, 6, 7}, {1, 4, 6, 7}, respectively. Recently, Houghten, Lam, Thiel and Parker [11] announced that their computer search for extremal doubly even self-dual codes of length 48 had been completed. Theorem 3.6 (Houghten et al. [11] 
Unimodular lattices in dimension 48

Theta series θ L 48,1
We show that an extremal even unimodular lattice in dimension 48 has an extremal odd unimodular neighbor whose shadow has minimum norm 2, and conversely, every extremal odd unimodular lattice whose shadow has minimum norm 2 has an extremal even unimodular neighbor. Proof. Since Λ is extremal, there exists a vector x ∈ Λ with (x, x) = 8 by [7, p. 52] . Put
Note that there exists a vector y ∈ Λ such that (x, y) is odd. Indeed, otherwise we would have
Fix such a vector y. We claim that the lattice Γ generated by Λ + and 1 2 x + y is an odd unimodular lattice with min(Γ ) = 5.
Since min Λ + ≥ 6, it suffices to show that (u, u) ≥ 5 for all u ∈ 1 2 x + y + Λ + . Since (u, 1 2 x) is a non-zero half integer, we may assume without loss of generality (u,
x is a nonzero vector in Λ we obtain 6 ≤ (u, u) + 1.
Finally note that 1 2 x is a vector of the shadow of Γ . Hence Γ has theta series θ L 48,1 . Now we prove the converse of the above result. By Lemma 2.1, we have
We claim (α, λ) = 0 for all λ ∈ Λ 4 . Indeed, since α ∈ Γ + and λ ∈ Γ + , we have α + λ ∈ Γ + , hence
Remark 4.3. Alternatively, one could consider the harmonic theta series of Λ with respect to α. Then
Theta series θ L 48,2
We now consider extremal odd unimodular lattices with theta series θ L 48,2 . First we construct such a lattice as a neighbor of P 48q . Next we construct another such lattice, neither of whose even unimodular neighbors is extremal. A new extremal Type II Z 4 -code of length 48 is also found.
Recently it was shown in [9] that P 48 p and P 48q are constructed from some Type II Z 6 -codes by Construction A. Let C (6) 48X be the Type II Z 6 -code with A 6 (C (6) 48X ) = P 48X given in [9] for X = p, q. Note that any Type II (resp. Type I) Z 6 -code can be regarded as a pair (B, T ) of a binary doubly even (resp. singly even) self-dual code B and a ternary self-dual code T . Suppose that C (6) 48X is the pair of a binary doubly even self-dual code B 48X There is no reason to believe that the lattice A 6 (C (6) 48q ) is a unique extremal odd unimodular lattice with theta series θ L 48,2 , which is a neighbor of an extremal even unimodular lattice. However, we do not try to search for more, since this will not lead to a complete classification of extremal odd unimodular lattice with theta series θ L 48,2 . Indeed, there are odd unimodular lattices with theta series θ L 48,2 , which are not neighbors of an extremal even unimodular lattice. The rest of the paper is devoted to a construction of such lattices. 
Then we have the following. Proof. Let k = 3 or k = 5. By the assumption, we have 2v k ∈ Λ \ 2Λ and thus
Hence we have proved (1) and (2). 
Since v and v 5 are contained in
is an integer and thus
Hence v is contained in Λ 6 and min Λ 6 < 6 as required.
Remark 4.6. Note that any Type II Z 4 -code contains a vector consisting of 1 or 3 [10] . Hence any extremal Type II code of length 48 satisfies the condition of the above lemma after taking suitable sign changes if necessary.
Two extremal ternary self-dual [48, 24, 15] codes are known, namely, the ternary extended quadratic residue code and the Pless symmetry code. We denote these codes by C (3) 48q and C (3) 48 p , respectively. By [7, pp. 148-150] , the extremal even unimodular lattice P 48q (resp. P 48 p ) is an even neighbor of Γ q = A 3 (C (3) 48q ) (resp. Γ p = A 3 (C (3) 48 p )). We denote by Λ q (resp. Λ p ) the other even neighbor of Γ q (resp. Γ p ). Now let X = p or q. The odd unimodular lattice Γ X and its shadow have the following theta series: 48X . These 96 codewords constitute the rows and their negatives of a Hadamard matrix of order 48 by [14] . Thus, the 96 vectors of norm 4 in Λ X form a unique 4-frame in Λ X , and hence Λ X can be written as Λ X = A 4 (C (4) 48X ) for some 031123200002202202320310, 332110230020000002322122, 130102102230000020120210, 230101310010022222022122, 321131310030200022102310, 131331322222222000000000.
Finally we remark that C (4) 48q is equivalent to Q R (4) 48 . In order to verify this, it suffices to show that the lattice A 4 (Q R (4) 48 ) is a neighbor of A 3 (C (3) 48q ). This fact can be seen from the isometry from the extremal even unimodular neighbor P 48q of A 3 (C (3) 48q ) to an even unimodular neighbor of A 4 (Q R (4) 48 ) as established in [4] . Here we describe how to verify this by MAGMA. Let Λ = A 4 (Q R (4) 48 ), where Q R (4) 48 is defined as the extended code of the cyclic Z 4 
